This paper deals with the blow-up for a class of nonlinear viscoelastic wave equation. Under certain conditions on the data, we construct a lower bound for the blow-up time when blow-up occurs.
Introduction
In this paper, we study the blow-up solution for the following nonlinear viscoelastic wave equation:
u(x, t) = , (x, t) ∈ ∂ × (, T),
where is a bounded domain in R n with a smooth boundary ∂ , g is a positive function satisfying some conditions to be specified later, and
The blow-up properties of the solution to (.) has been studied by many authors (see [-] The aim of this note is to derive a lower bound for T * when blow-up occurs. We point out that it is, in general, very hard to obtain a lower bound estimate for viscoelastic wave equation problems, for the method to estimate the derivative of the control functional in parabolic cases is no longer effective and the memory part makes it difficult to estimate the energy. Our method is based on a first-order differential inequality technique for a suitably defined auxiliary function and makes use of some Sobolev-type inequality. Before stating our main result, let us recall some results on the local existence, uniqueness, and blow-up of the solution
Let g ∈ C  [, ∞) be a non-negative and non-increasing function satisfying
Remark . Condition (.) is necessary to guarantee the hyperbolicity and wellposedness of system (.).
Let λ be the best constant of the Sobolev embedding
Define the energy functional E(t) associated to our system (.),
Moreover, we assume that g satisfies
Then we have the following blow-up result. 
then any solution of (.) blows up in finite time.
The main result
In this section, we switch to discuss the lower bound of the blow-up time for the blow-up solution of (.). Before we state and prove our main result, we need the following lemma.
Lemma . Suppose that (.), (.), and (.) hold. Let u be a solution of (.). Then energy functional E(t) is non-increasing, that is, E (t) ≤ .
Proof By multiplying (.) by u t and integrating over , we obtain
for any regular solution. This result remains valid for weak solutions by a simple density argument. For the last term on the left side of (.), we have
Inserting (.) into (.), we get
where we also use g being non-negative and non-increasing function.
Theorem . Assume that the conditions in Theorem . hold. Let u(x, t) be the solution of problem (.), which blows up at a finite time T
where the constants C  , C  , and the exponent k will be defined in (.), and
To estimate the first term on the right side of inequality (.), we consider the following two cases.
. Applying Hölder's inequality and the embedding inequality, we have
where θ satisfies
A straightforward computation shows
and then we have
where we have used the Hölder inequality, 
